Introduction
Liquid foams are multiphase structures of fluid particles at high concentration in another immiscible liquid. Their highly structured geometry (liquid films bounded by plateau borders and junctions, see figure 1 ) and mechanics at the film level determine their complex rheological behavior and consequently their practical importance. This is mainly due to the presence of relatively large interfacial area and corespondingly liquid films of many orders of magnitude thinner than the particle size. However, this large difference in the scales also introduces most of the difficulties that one faces during experimental and theoretical investigation of foam dynamics. Because of that most of the theoretical investigations consider 2D foams or 3D dry-film foams, see [1] . In the dry-film foam models the films are considered with zero thickness and modelled as mathematical surfaces, neglecting the film drainage and interfacial effects.
The recent advances of 3D BIM for simulation of drops in close approach ( [2, 3] ) have a stimulating effect on their application to investigations of more complicated problems such as foam dynamics. A work of Loewenberg et al. (see [1] ) is, to the best of our knowledge, the first work in this direction. They have investigated uniform expansion of initially spherical drops towards monodisperse emulsion in equilibrium, without external flow.
In the present study the application of BIM for simulation of polydisperse foam dynamics in Stokes flow is discussed: Section 2, is devoted to the definition of the problem. Section 3 discusses some of the most important elements of the 
Mathematical Model
We consider a compound drop, one which contains several smaller drops of another immiscible liquid, subjected to a simple shear flow, see figure 2. The mathematical model is based on the Stokes equations, i.e. the inertial forces are neglected. In dimensionless terms the governing equations are:
where p is the pressure, u the velocity and λ i = λ for i = 0, and λ i = 1 if i > 0. Boundary conditions at the interface S i = Ω i Ω 0 are stress balance boundary condition and continuity of the velocity across the interface:
.n;
where Π is the stress tensor Π = −pI + λ
being the unit tensor, n(x) is the unit vector normal to S, k(x) the mean curvature of the interface and Ca = Rγµ/σ the capillary number. The term P = −A/h 3 (x) is called disjoining pressure, where A is a parameter proportional to the Hamaker constant and h(x) is the distance to the closest interface, see [1] .
Simple shear flow is considered as a boundary condition at infinity:
The position of the interface S i (x, t) is given by the kinematic condition:
where w(x, t) can be an arbitrary velocity tangential to the interface.
Numerical Method
The method described in the present section is an extension of our previous work [5] , where the applicability of BIM for simulation of drop-to-drop very close interaction (of order 10 −3 ) is demonstrated. A qualitatively new element in the present study is the disjoining pressure, P , which is very important for the stability of foam configurations, preventing the local film thickness from going to zero. In the mathematical model considered here, the disjoining pressure is proportional to h −3 , where h is the interface-to-interface distance and can be several orders of magnitude smaller than the drop size. In the present results h is of order 10 −3 in the film regions. Thus it is obvious that an error of order 10 −3 in h, or correspondingly in the position of the interfaces, will be fatal for the numerical stability. The accuracy of h can be directly influenced by errors in different elements of the numerical scheme: velocity calculation; time integration; discretization of the interfaces and calculation of the distance between them. These elements are discussed in the following subsections.
Boundary Integral Formulation
The solution of the mathematical model (1-3) at a given point x 0 can be obtained by means of boundary integral formulation, see for instance [2] and [3] :
5 is the stresslet,x = x − x 0 and r = |x| (see [2] and [3] ). In order to pay more attention on the interfacial forces (interfacial tension ant disjoining pressure) the present study considers the case in which all phases have equal viscosities, λ = 1. In this case the second integral in (5) disappears and it reduces to:
The case λ = 1 will be a subject of another study. The presence of a film with thickness h several orders of magnitude smaller than the drop size requires a very good approximation of the integrals in (6) . The calculation of the sub integral quantities k(x) and h(x) is discussed below. 
Interface Discretization and Curvature Calculation
First order triangular boundary elements are used for a initial interface discretization, see figure 3 . The curvature k(x j ) at the vortices x j as well as the normal vector, n(x j ), are calculated by the formula, see also [2] :
where S j is a part of the discretized interface around the collocation point x j (•). S j is bounded by a polygon Γ j , see figure 3 , connecting the centers of mass of the triangles ( ) and element sides ( ) to which x j belongs. t is the unit vector tangential to S j and perpendicular to Γ j .
Interface-to-Interface Distance Calculation
An accurate calculation of the interface-to-interface distance h in the film region, where h is of order 10 −3 , is not only important for the accuracy, but is also very essential for the numerical stability. The main difficulties are due to the fact that the element size in the film regions is about two orders of magnitude larger than h, see figure 5 . In the case of monodisperse foams, where typically the film regions are flat, an approximation of the interfaces by linear elements could be sufficient for an accurate calculation of h. However, in the case of polydisperse foam the films may have significant curvature and then a first order approximation of the interfaces is insufficient.
In the present section a higher order approximation of the interfaces is constructed based on the initial discretization by triangles and information about the curvature and the normal vector in the nodes of the mesh. The steps below are followed (see figure 4 for illustration):
is associated with every nodal point x j . The sphere is determined using the mean curvature k(x j ) and the normal vector n(x j ):
(ii) -Let x be an arbitrary point from the initial discretization of S and the triangle to which x belongs has vortices x 1 , x 2 , x 3 . The radial projection of x on the three spheres, C j , j = 1, 2, 3 are denoted by x p j respectively. (iii) -The last step is to define the projection of x by a proper linear combination:
The coefficients w i in (9) are functions of the distances from x to the vortices and sides of the triangle (x 1 , x 2 , x 3 ) and can be easily defined to be continuous across the element sides.
The approximation x p constructed in the above mentioned way is of second order and is exact for the spherical parts of the interfaces. Important properties of this approximation are that h(x p ) is smooth and k(x p ) is continuous. By using h(x p ) simulations for high volume fraction foam drops (up to 98%) are possible, while using the initial surface discretization with triangles, h(x), at about 60% volume fraction the numerical scheme become unstable.
Calculation of the Boundary Integrals
A very important element of BIM is the accurate calculation of the integrals in (5) . The main problem is related with the singularity at x = x 0 . Different approaches exist in the literature to overcome this, see for instance [2] and [4] . In the present study the non-singular contour integration of the single layer potential proposed in [6] 1 is used:
where × is vector product. More information about the application of the contour integration (10) for the velocity calculation (6) is given in [5] , where the advantages of (10) are also discussed. One of the advantages of the contour integration (10) is that a better approximation of the interface S j can be very easily implemented via an improvement only in its contour Γ j . In the present study this is done using the second order approximation of the interfaces, S p : the vortices of Γ j , see figure 3 , are projected on S p as described in the previous subsection 3.3.
Dynamic Mesh Regularization
Optimal mesh properties are important for the accuracy of every numerical method and not easy to obtain in cases like the one considered here, where regions of the interfaces with completely different characteristics exist: plateau borders and junctions with high curvature and curvature gradient, film regions with thickness of order 10 −3 . The foam dynamics also involves topological transition of the foam structure. For instance during the deformation in shear flow the drops change their neighbours, which is related to different kinds of transitions between films, plateau borders and junctions, see [1] . Thus the goal is not only to generate a proper mesh, but it is also essential to maintain desired mesh properties during the process. A suitable approach for this purpose is a dynamic mesh regularization, see for instance [2] . For fixed mesh topology the mesh nodes are moved with the extra tangential velocity w(x, t), see (4) . This velocity is determined based on the local characteristics of the mesh and interfaces (such as element size, curvature and film thickness) by:
where the summation involves only the nodes x j that are directly connected to x i ; u s is an average velocity of the interface to which x i belongs. The term −u(x i ) + u s in (11) eliminates possible mesh distortion due to the tangential component of the hydrodynamic velocity u.
By a proper choice of the parameters in (11) the mesh is maintained finer in the plateau border and junction regions, where the gradients of k and h are much higher than those in the film regions, see for example figure 5. It is seen that the mesh in the plateau borders and junctions is an order of magnitude finer than that in the film regions. The mesh used for the present simulations consists of 8820 elements for the outer interface and 3380 elements per inner drop, in total 35860 elements. The steps for time integration of (4) used in the present study are 
Results
In this section the numerical method described above is used for simulation of the dynamic behaviour of a foam drop in simple shear flow. The foam drop considered here consists of 8 inner drops (see figures 2, 5 and 6), four of relative volume 13.5% and four of 10.25%. Thus the volume fraction of the foam drop is 95% and it has all structural elements of random polydisperse foams: plateau borders, junctions and films some of which with significant curvature. The outer interface of the drop is shown on figure 6 for different time instances. Subjected to the shear flow the drop undergoes significant topological changes: the inner drops move inside the whole drop, this movement being related to topological transitions between films, plateau borders and junctions. Thus there is no steady Fig. 6 . Evolution of the foam drop at Ca = 0.2 and A = 2.5x10 −6 . The frames correspond to times 9.3, 9.9, 10.6 and 11.3 respectivly shape of the drop and it is extremely difficult to present the complex dynamics within few static figures. More information about the dynamics of the process can be seen on www.mate.tue.nl/mate/research/index.php/7 The simulation presented here was carried out on a single Silicon Graphics 10000 processor and the time for it was about 20 CPU hours per dimensionless time 1 of the process.
The results presented in this section are in reasonable qualitative agreement with the existing ones obtained for dry-film foams. Unfortunately, to the best of our knowledge, there are no other results in the literature suitable for a quantitative comparison. An indication for the accuracy of the present results is the volume conservation, which is within less than 1% error.
Conclusions
A BIM is presented for simulation of a compound-drop dynamics in shear flow. Some of the elements of the numerical method, such as: nonsingular contour integration of the singular single layer potential, higher order approximation of the interfaces and dynamic mesh regularization are very important for the accuracy and the numerical stability. They allow simulation of film regions with significant curvature and interface-to-interface distance of order of 10 −3 using linear triangular elements with side of order 10 −1 . The results presented in section 4 indicate that the method can be extended for simulation of random polydisperse foams in shear flow. This can be done straightforward by applying periodic boundary conditions as in [2] .
The main advantage of BIM, compared to the methods for simulation of dry-film foams, is that the film regions are treated as a liquid domain bounded by interfaces. This allows an extension towards implementation of interfacial properties such as surface viscosity and surface elasticity, which play a very significant role in foam dynamics and will be a subject of further investigations.
